Super-activation for Gaussian channels requires squeezing 
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The quantum capacity of bosonic Gaussian quantum channels can be non-additive in a particularly striking 
way: a pair of such optical-fiber type channels can individually have zero quantum capacity but super-activate 
each other such that the combined channel has strictly positive capacity. This has been shown in [Nature Pho- 
tonics 5, 624 (201 1)] where it was conjectured that squeezing is a necessary resource for this phenomenon. We 
provide a proof of this conjecture by showing that for gauge covariant channels a Choi matrix with positive 
partial transpose implies that the channel is entanglement-breaking. In addition, we construct an example which 
shows that this implication fails to hold for Gaussian channels which arise from passive interactions with a 
squeezed environment. 



INTRODUCTION 

A question at the heart of information theory — 
classical as well as quantum — is, how much informa- 
tion can be transmitted reliably through a given noisy 
channel. For classical memoryless channels Shannon 
posed and answered this questions in his groundbreak- 
ing work 0]] in which he provided a tractable formula 
for the capacity of any such channel. In quantum 
information theory, despite considerable progress, no 
closed general expression is known for the classical 
or quantum capacity. What complicates matters in the 
quantum world is that quantum correlations between 
different channel uses can improve the performance 
or, mathematically speaking, lead to non-additivity ef- 
fects. One of the most striking of these is super- 
activation of the quantum capacity: a pair of channels 
can individually have zero quantum capacity, but when 
combined give rise to a channel whose quantum ca- 
pacity is strictly positive J2]. In it was shown that 
this effect can occur for Gaussian channels. These de- 
scribe evolutions of the continuous degrees of freedom 
of light in free space and in optical fibers as well as the 
time evolution of quantum memories which are based 
on collective excitationsl4J] . One of the channels used 
in the construction in y[ can indeed be regarded as 
a simple model of a single-mode optical fiber. The 
second channel, however, involves a high degree of 
squeezing within the interaction between a two-mode 
system and its environment — somethingconsiderably 
more difficult to realize. The authors of |3] write: "Al- 
though an example using only linear optical elements 
would be desirable, we suspect, but cannot prove, that 
none exist." The present paper aims at settling this con- 
jecture in the affirmative. 

Currently, there is basically one approach towards 



super-activation. This is based on the fact that there 
are only two classes of channels known, which have 
provably zero quantum capacity: channels with a sym- 
metric extension and so-called PPT channels. Since 
both classes are closed with respect to parallel compo- 
sition, the only combination with a chance of success- 
ful super-activation is to take one channel from each 
class. In this work we show that if we restrict ourselves 
to passive Gaussian channels (i.e., those not involving 
squeezing), then the set of PPT channels becomes a 
strict subset of the set of channels with a symmetric 
extension, therefore rendering super-activation impos- 
sible. 



PREREQUISITES 

We begin with recalling basic notions and results 
needed for our purpose. 

Gaussian states and channels: We consider a 
continuous variable system of n bosonic modes whose 
description involves n pairs of generalized position and 
momentum operators Qk, Pk which may correspond to 
the quadratures of electromagnetic field modes. With 
the definition R := (Qi, Pi, ... , Q n , Pn) the canoni- 
cal commutation relations read 



[Rk, Ri 



)kl 



with o~ n 
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(1) 

being the symplectic form. 

We associate with every density operator p its displace- 
ment vector d, with dk := tr [pRk] and its covariance 
matrix T with Tki := tr [p{Rk — dfcl, Ri — 
k, I = 1, . . . , 2n. d and T contain the first and sec- 
ond moments of the corresponding phase space distri- 
bution. 

A Gaussian state is defined as a quantum state with a 
Gaussian Wigner phase space distribution function, see 
J5t] . In particular it is completely specified by d and T, 
the latter being any real symmetric matrix that satisfies 



2 



the uncertainty relation 



r > i<7„ 



(2) 



In the following all states are assumed to be centered 
(i.e. d = 0) since displacements in phase space are 
local unitaries in Hilbert space which are irrelevant for 
our purpose. 

A completely positive trace-preserving map which 
preserves the Gaussian nature of states is called Gaus- 
sian channel, see J3l. Again neglecting its effect on d 
it can be characterized by its action on covariance ma- 
trices, which is given by 

Y^XYX T + Y, X,Y = Y T eM 2n 0R-)- (3) 

For a pair of real matrices X and Y = Y T to describe 
a bona fide Gaussian channel it is necessary and suffi- 
cient that 



Y 



Xa n X T ) > 0. 



(4) 



Unitary Gaussian evolutions then correspond to Y = 
and X being real symplectic, i.e. X € Sp(2n, R) = 
{S G A^2n(K,)| Scr n S T = cr„}. Every Gaussian chan- 
nel can be realized by a unitary dilation |7[], invoking 
tie < 2n environmental modes. This means that there 
exist a unitary U representing S on Hilbert space and a 
Gaussian state pe such that density matrices evolve as 



(5) 



On the level of covariance matrices Y e and Y the over- 
all evolution then looks like 



In the notation S 



{Y E ®Y) ^ S{Y E ®Y) S T 
Si 5*2 



(6) 



that reflects the de- 



5*3 S4, 

composition of the total system into the environment 
and the n-modes system, one finds X = S4 and Y = 
SsYeS 3 . 

The Symplectic Orthogonal Group: A special 
case of a unitary Gaussian evolutions is the one gen- 
erated by a passive Hamiltonian 



N 



H = h M a\ai + h.c, h M g 



(7) 



fcj=i 



with annihilation operator afe := (Qk + iPk)/V^- Pas- 
sive Hamiltonians comprise the set of quadratic Hamil- 
tonians, which commute with the total particle number 
operator. 

A unitary Gaussian evolution generated by a pas- 
sive Hamiltonian as in (jT) corresponds to a symplec- 
tic orthogonal matrix S 6 K(m) := Sp(2m, R) n 
0(2m, R). Mathematically, K(m) is the largest com- 
pact subgroup of the real symplectic group. Physically, 



it corresponds to the set of operations which can be im- 
lemented using beam splitters and phase shifters only 



K(m) is isomorphic to U(m) jgj]. This can be ver- 
ified easily: First one observes that elements R G 
A^2ro(R) m the commutant of a m have the form 



[<r m ,R] 



0<^> R 



(8) 



iij , bij € R. 



" { r ij)i,j=li 
a ij ^3 \ 

—bij aij J 
With this result one verifies that the map 

A : U(m) -> K(m) (9) 



(Cij) H> (Cy), Ci : 



is indeed a group isomorphism. 

At this point we add two observations that will help 
us later to exploit the particular structure of real sym- 
plectic orthogonals (0. The set 



r — 



A B 
-B A 



A,B e 

Mn(R) 



(10) 



together with the operation of matrix multiplication 
forms a semigroup with neutral element. As such, it 
is isomorphic to 7W„(C). An isomorphism is given by 



A B 

-B A 



A + iB . 



(11) 



And finally, for complex square matrices A, B E 
A4 n (C) one finds the following criterion for positive- 
semidefiniteness llOll 



A B 

-B A 



> <^ A±iB > . 



(12) 



Properties of Gaussian Channels: We call a 
quantum channel T PPT (for "positive partial trans- 
pose") if 6 o T is completely positive, where 8 denotes 
time reversal, which in Schrodinger representation cor- 
responds to transposition. A Gaussian channel charac- 
terized by (X, Y) is PPT iff HI ] 



Y-i(a n + XanX 1 ) > 0. 



(13) 



A Gaussian channel is entanglement-breaking if and 
only if Y admits a decomposition into real matrices M 
and N such that 0T 



Y = M + N, M>ia n , N>iXa n X J . (14) 

This reflects the fact that any entanglement-breaking 
quantum channel consists of a measurement, followed 
by a state preparation depending on the outcome of 
the measurement Jl3l [Till . As a consequence, every 
entanglement-breaking channel has a symmetric exten- 
sion. 
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Definition 1. In accordance with jlH/ we call a Gaus- 
sian channel characterized by (X, Y) "gauge covari- 
ant", if[X, a n ] = [Y, a n ] = 0. 

Definition 2. We call a Gaussian channel "passive" 
if it can be generated by a passive Hamiltonian H (O 
that couples the system to an environment in a Gibbs 
state pe of a passive Hamiltonian H' : 



-PH' 



PE 



tr e- 



-0H' 



H' 



he 



fc,Z=l 



h' kl a k ai + h.c. (15) 



One can show that, as a consequence of the normal 
mode decomposition of Gaussian states, ( [TBI ) is equiv- 
alent to [r^;,cr nB ] = 0, where r# is the co variance 
matrix of the Gaussian state pe and a nE is the cor- 
responding symplectic form. This implies for passive 
Gaussian channels 



[Y,a n ] = [S 3 T E Si,a n ] = 0, 



(16) 



as one derives from the block structure of S3 ^ and the 
analogous structure of the elements in the commutant 
of a n ©. Similarly we find [X, a n ] — [<54,cr„] = 0. 
Hence, every passive Gaussian channel is gauge covari- 
ant. 



MAIN RESULT 

Proposition 3. A gauge covariant Gaussian channel is 
entanglement-breaking iff it is PPT. 

Proof. Evidently, entanglement-breaking implies PPT, 
so we have to prove the reverse implication. To this end 
it is convenient to reorder the canonical coordinates as 
(Qi, . . . ,Qn, P\t ■ ■ , Pn)- In this notation 



i, 



and Y 



Yi Y 2 
-Y 2 Y 1 



The latter follows from (fT6b together with ([8]). 
We prove first that we can restrict ourselves to the case 
X = X © X, where by virtue of the symplectic sin- 
gular value decomposition Jl6ll the matrix X is diag- 
onal and non-negative. Assume, this is not the case. 
Then we can replace the passive evolution U, which 
describes the interaction between system and environ- 
ment, by U' = (l s ® U G )U(1 E <8 U F ). U F and U G 
are passive unitary evolutions that act only on the sys- 
tem. They correspond to symplectic transformations 
F,G £ K(n) in phase space. We denote the resulting 
channel by V. T is PPT iff T' is PPT. The same holds 
for the entanglement-breaking property. We find 



X' 



GXF 



(17) 



( G1 


G 2 \ 


( Xl 


x 2 \ 


f F1 


F 2 \ 


I -G 2 


Gi ) 


\ -x 2 




\ -F 2 





with Fi + iF 2 ,Gi + iG 2 £ U{n). 



Now we can exploit the isomorphism ( fTTT i and choose 
Fi i2 and Gi, 2 such that (Gi + iG 2 )(Xi + iX 2 )(F 1 + 
iF 2 ) =: X is the singular value decomposition of Xi + 
iX 2 . Hence, X' = X © X with X diagonal and non- 
negative. 

We will now exploit criterion (TT~4T > by showing that 
the decomposition of Y into M :=Y — X 2 and N := 
X 2 obeys the required conditions, which read: 



N-iXaX T = X(l-ia)X T > 0, 

Y x -X 2 Y 2 - il 
-Y 2 + il Y l - X 2 



M-ia = 



(18) 

> 



The first inequality in ( TT8l follows simply from (1 — 
ia) > 0. In order to arrive at the second inequality we 
use dT2T > and rewrite the inequality as 

Yi -X 2 ±i(Y 2 -il) > <=> 
Yi ± iY 2 - (X 2 T 1) > ^ 



Yi ± iY 2 - (X 2 + 1) > ^ 



(19) 



Yi + iY 2 + (X 2 + 1) > 
Yi - iY 2 - {X 2 + 1) > 
Yi ± i (Y 2 - i(l + X 2 )) > 



Here we used two elementary facts: (i) a matrix is pos- 
itive iff its complex conjugate is positive, and (ii) the 
sum of two positive matrices is again positive. In the 
last line, with (fTZt . we recover the PPT criterion ( fT3l > 



Y -i{a + XaX T 
Yi 

-Y 2 +i(l + X 2 ) 



Yo 



Y - ia(t + X 2 ) 
-i(l + X 2 ) 



Yi 



> 0. 



which concludes the proof. 



□ 



Proposition 4 (No super-activation without squeez- 
ing). Let T\, T 2 be passive Gaussian quantum chan- 
nels. If each channel either has a symmetric extension 
or satisfies the PPT property, then Q (T\ ® T 2 ) = 0. 

Proof. Let 7$ (i = 1 or 2) be PPT. Ti is gauge covari- 
ant, because it is passive, and according to Prop. [3]it is 
thus entanglement-breaking. In particular, it has a sym- 
metric extension, which then also holds for T\ ® T 2 . 
Hence, the combined channel has zero quantum capac- 
ity. □ 



PASSIVE INTERACTIONS WITH A SQUEEZED 
ENVIRONMENT 



We now consider an example of a Gaussian channel 
Tforn = tie = 2. T is generated by a passive interac- 
tion, as in (IT), but the environment is assumed to be in 
a mixed squeezed state p F (i.e. det Ye 7^ 1, Tg > ia 2 
and T E ^ I4). T will be shown to be PPT but not 



4 



entanglement-breaking. We omit the index of I2 and 
choose 



(20) 



S 







f 5 
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3 ^ 






3+vT3 
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-3 
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• 








2 J 






(-V21 




1 




1 




-1 


V21 


3 


1 












V21 


1 



(21) 



S represents two beamsplitters: one of transmittivity 
I that couples the first system mode to the first mode 
of the environment and a second of transmittivity ^ 
that acts between the two remaining modes. The cor- 
responding (X, Y), which characterize the Gaussian 
channel, then read 



X 



V — 3+vg3 
1 ~ 6 



( 5 

3V2 

V 



V21 

1 

3V2 _^ 

5 -3V2 
4 

-3V2 4 / 



(22) 



■(23) 



Proposition 5. The Gaussian channel determined 
by d22l ) exhibits the PPT property but it is not 
entanglement-breaking. 

Proof. Equations and ( TT3l are satisfied as one veri- 
fies explicitly. 

It remains to show that T is not entanglement-breaking. 
With the inequalities (fl~4l > in mind we observe that this 
is equivalent to 



V = 



max A < 1, 

(A,M)er> 

(A, M) G 
R x _M 4 (R) 



where (24) 

M =A/ T , 

M > Xia, 

Y -M > MXaX T 



This is a semi-definite program 11711 . so that the corre- 
sponding dual program can be used to construct a wit- 
ness which certifies d24b . Its specific form is given in 
the appendix. □ 



DISCUSSION 

Squeezing is a useful resource in many contexts, 
such as entanglement generation, metrology, informa- 
tion coding or cryptography. When restricted to the 
practically relevant Gaussian regime, we know that it 
is sometimes even a necessary resource. This is the 
fact for entanglement generation IU8I1 and, as we have 
proven in this work, as well for super-activation of 



the quantum capacity. In the latter case, however, the 
proof of necessity relies on the framework — the basic 
idea behind the construction of all currently known in- 
stances of super-activation. In order to make a stronger 
statement, we would need to know whether there are 
other types of channels with zero quantum capacity 

[H. 

Another question, which suggests itself, is how 
much squeezing is necessary within the given frame- 
work. Unfortunately, we do at the moment not see an 
approach towards settling this quantitative question. 
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APPENDIX 

In the following we show how to certify d24"i i. Note 
that with the notation Y = 4 © Y, X = ia © iXaX T , 
M = M © —M , the two inequalities in the definition 
of T> can be rewritten as 



XX + Y + M>0. 



(25) 



In the following we confirm d24l i by showing that for 
all (A, M) G V, X < 0.94. For this purpose, let us 
define the witness matrix fl, 



Q = {A + iB)®{A + iC). 



(26) 



/ 0,1 



A = 



B = 



C = 



-03 

V 
/ 

-bi 

\-b 3 
( 

-ci 



a 1 

«3 

bi 

-63 

Cl 

-C3 



-a 3 \ 

03 

a 2 / 



-b 2 

C3 
-c 2 



& 2 
C3 \ 



b = 



and state some of its properties: 
(i) 51 is positive definite. 



0.512 
0.722 
0.592 

-0.212 
0.552 
-0.368 

0.39 

-0.3 
0.368 



(ii) V(A, AT) eV:tr 



iti [(B - C)M] 



0, since (B — C) is anti-symmetric and M is sym- 
metric. 



(iii) tr 



(iv) tr 



nx 



VLY 



0.94 



= 2(6i + b 2 + |ci + |ca) = 1 

1 + 4 1 ) ( 5a i + 4fl 2 - 6V2a 3 ) < 



5 



Let now be (A, M) £ D. Applying (ii) and (iii) in the 
first line and (i) together with d25l l in the third line leads 
to 



A — tr 

= -tr 
< 0. 

With (iv) we obtain A < 0.94. 





= -Atr 


nx 


- tr 


nf 


- tr 





QIXX + Y + M 



(27) 
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